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Abstract 


For tv:o- ana three-dimensional flow in a 


compressible medium, a simple relation is pi von by which, 
to a first approximation, the quantitative influence of 
compressibility upon the velocities and pressures can be 
understood in a clear manner. In the application of this 
relation the distinct behaviors of two-dimensional and 
axially symmetric three-dimensional flow with increasing 
Fach number are brought out. For slender elliptic 
cylinders and ellipsoids of revolution, calculations are 
made of the critical Lack number ; that is, the l-'ach. 
number at which local sonic velocity is achieved on the 
body. As a further example, the lifting wing of finite 
span is considered, and it is shown that the increase of 
wine lift with ?'sch number at a given angle of attack is 
greatly dependent upon the aspect ratio ' b 2 /F . 
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This differential equation for compressible flow can 
be simply transformed formally into the known equation for 
incompressible flow if the following transformations of' 
coordinates are chosen: 


x o = x ic* '/I 


t- _ ir « • 

f c *,• XC > 


- M 2 z„ = z 


ic (2) 


Those transformations .mean that each potential field 
of incompressible flow can be transformed into the potential 
fi e il d of a compre 3si bl e f I o'-Ll . .IT iljL Jfi t he comp ressible 

1 In vfnat follows, the subscript :, o H refers to 
compressible flow, and the subscript ''ic" likewise to 
incoupress idle flow. Furthermore , 

h = = Hadl nua s..r 

Joc-ea oi sound 
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f]ov; pattern the perturbation potential Is the same as in 
the incompressible flow at the corresponding points 
determined from equation (2). In this transformation the 
perturbation velocities Av~ and Av z become smaller 
at the corresponding points of the compressible flow by 

the ratio \/l - lvl s , while the perturbation velocities 
Av x remain unchanged. 


If a ucrallel flow with the velocity v. = v n 

°c °ic 

is now' superimposed upon the perturbation velocities 
determined in this manner , the inclination cf the stream- 


lines will he reduced at the 
compressible flow, while the 
approximation, remain uncharged 


corresponding points in the 
pressures will, to a first 


slight 
to a fi 




i viaticus : 
it anoroxi: 


rom parallel : 
cation, only a 


Con the ass unp t i on of 
flow, the pressures are 
function of the 


perturbation velocity v v ) . In the transformation to the 
compressible flow the streamline pattern will, as a result 
of the smaller inclinations of streamlines in the com- 


pressible medium, no longer be compressed according to a 
simple rule; that is, it will be deformed in an opposite 
sense from the potential field to a degree not immediately 
apparent . 


It now frequently becomes exceedingly difficult to 
determine the new contour in the distorted potential field. 
Consider, for example, the very simple case of flow about 


On' 


ini': 


*11 angle of attack. If 


the potential of the flow about the plate •{ incompressible ) 
is distorted in th e dire ctions of the Y- and .. Z— axes 
by the factor l/'/i - the points of the plate, 

together with the positions of the bound vortices pro- 
ducing the lift, move during the- distortion as if the 
angle of attach cf the plate had been increased. On the 
other hand, however, the slopes of the streamlines -become, 
flatter In the ratio \/l - K a . It is evident that after - 
the distortion a flow tabes. place between the bound 
vertices. In this simple case, however, the proper 
relationship between ti 
anu the streamline s?o^ 
corresponding intensified ti on of the potential in the 
compressible 'flew. The relationships become -considerably 
more difficult, even, for exanpJe, in the case of inclined 
flow about a plats of finite span, for which three- 
dimensional flow results, so that after the -potential, 
distortion the flow becomes quite confusing. 


; positions of the bound vor-t.ices 
is can be achieved easily by a 
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II. DISTORTION OF 
STREAMLINE 
EQUAL STRENGTH 


TJS PERTURBATION POTENTIAL AND THE 
FIELD ITT EQUAL SENSE AND IN 
f EXTENSION OF THE PRANDTL RULE) 


The difficulties indicated in the preceding section 
can oe in principle lessened, if it is possiole to distort 
the streamline pattern in the sane sense and to the same 
extent as the potential field of the perturbation flow. 

This aim can in fact he achieved by means of a stratagem* 

Equation (1) is completely independent of the velocity 
v 0 of the parallel flow upon which the perturbation 
potential 0 is super imposed : it must only be observed 
that the perturbation velocities remain small in comparison 
with the velocity of the parallel flow. It therefore makes 


no difference whether th 


Vo 


loci tv v 


in the incom- 


ic 


pressihle medium is of the same or a different magnitude 
com paved with the velocity v_. in the compressible 

medium. If the following relationship is now chosen 
between the velocities of the parallel stream in the com- 
pressible and in the incompressible mediums: 


v 


= (1 - M 2 ) x v 


°ic 


then in corresponding points of the compressible flow the 
streamline inclination becomes: 


ay c 

dx. 


Av 


?c 


V 


A - u 


x Av 


y 


1C 


dy 


ic 


( 1 - M 2 ) x v 




dx 


ic 


ic 


that is, at corresponding points in the compressiole 
medium the streamline inclination is increased in tne 

ratio l/v'T-lP. The same relation can also be found 
for the z -direction* This moans, however, tnat the stream- 
line pattern of the compressible flow results simply from 

distortion of the equivalent inc ompr e s s i o le flow in the 

directions of the y and a axes by the factor 1/y 1 - T’f, 
The streamline pattern and the perturbation potential 
field are thus actually distorted in the same way. 
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The following relationships can be found for the 
perturbation, velocity A v x and hence also for the local 
pressure Ap in the flov;: 


A p. 


A v Xf 


« 2 x - 


I X v 0c 2 


V 


O, 


Av x 


= 2 x 


ic 


( 1 - M 2 ) x v c< 
u ic 


that is, in the compressible flow 

ap r\ 

2-1 and the velocity ratio 

p / 2 * v o c 2 

by the factor 1/(1 - M 3 ) than at 
the equivalent incompressible flow 


the pressure ratio 
Av x ,/v 0 are larger 

corresponding points 


of 


Prom the basic facts derived above, the following 
simple proposition can be demonstrated: 

The streamline pattern of a compressible flow to be 
calculated can be compared with the streamline pattern of 
an incompressible flow which results from contraction 
along the y and a axes of the profile contour by the 

factor \A - M 2 (x-axis in the direction of the free 
stream) . In the resulting compressible flow the 
Ap 

pressures — - _ as well as the perturbation 

p/2 x v 0 ~ 

velocities Av x /v 0 are greater in the ratio l/(l ~ M 2 ) 
and the streamline slopes greater in the ratio l// 1 - 
than at the corresponding points of the equivalent incom- 
pressible flow. 


•A’ith this "principle , approximate solutions can be 
obtained in all cases of compressible flow, as long as the 
corresponding solutions for incompressible flow are known. 
Thus the problem, mentioned in the beginning, of an 
infinitely bro&d plate olaced at a small angle of attack, 
can be solved in a simple manner, as well as the flow 
about wings of finite span, swept -back wings, axially 


trie 


ies, and the 


.i-ce 


In this manner 


lso , 


approximate solutions are found quite easily for three- 
dimensional flows which are not axially symmetric, of 
which an example will be given in the following section IV. 
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in. plane and three -dime ns i on al plow without lift 

1. Wing of Finite Thickness without Lift in 
Two -Dime ns i onal Flow 

Velocity Along the Surface of the Body 


If, for the sake of simplicity, the wing is represented 
by an elliptic cylinder of large span, then it is known 
from incompressible flow that the greatest velocity increase 
appears at the position of maximum thickness, and has the 
magnitude Av,„.- r /v. - d/t . 

According to the rule presented previously the 
perturbation velocities produced by a body in incompressible 
flow are greater by the factor 1/(1 - K 2 ) tha n those 
for a body in incompressible flow thinner by y I - II 2 , 
that is ; 


/Avmax 


o M 


i 

itt 


/ AV max \ :; - 
x< 

\ "o Ac 


/d'f 

1 ><\t l 

1C 


With (d/t = -,/IT - K 2 ( d/t ) c there then results for the 

greatest excess velocity on the wing in the compressible 
flow j 


/ tv max', 

1 

-- - * 

/ d \ 

V'osC 

yl' -~?l 2 

‘ 1 

\ ^ /Q 


. The greatest excess velocities, and therefore also 
the greatest negative pressures acting on the wing, there- 
fore correspond in plane flow to the familiar Prandtl Rule 

with 1/,/L - v 2 , Since the velocity distribution over the 
airfoil in compressible flow corresponds to that over a 
thinner section in incompressible flow, the curve of 
velocity distribution becomes some what more full with 
in c r e as in g K a oh numb e r . 
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Velocity Disturbance at a Great Distance from the Airfoil 

According to a calculation carried out in PB 11 65® , 
in incompressible flow the velocity perturbation Av x /v 0 
at a great distance from a slender wing of large span is: 


Av. 


v 


o 


d yC - X2 

2. x 1 X t 2 

t (ys + xs) 3 


According 
following for n 


to section II this equation takes the 
f or c c mor e s s ib le f 1 ov/ : 


/ 

i 

\ 

\ 


iV. 


X \ 


V 


% 



X 




x x t 1 

; ( 1 - M 2 ) x y 3 + x- 2 1 2 


The following relationship therefore results for the 
increase of the perturbation velocity Av x /v 0 with 

increase of bach number at a given point a great distance 
from a body: 

(A t xAo)„ 1 ( 1 “ K S ) x y c 2 - x c 2 (y c 2 + x c 2 ) 2 

( iv xAo) ic A " l - 2 l 1 ’ ^ x V + x c 2 j ~ y C 2 - x c 2 

If it is now assured that x Q is small compared with 
y that is, if a point a large distance sideways from 
the body is considered, then according to the above equation 
the additional velocities and therefore also the pressures 

increase by 1/(1 - K 2 ) 3/c that is, by the third power of 
the Pr an dt 1 factor. If, however, y c is small compared 

with x that, is, for instance, points far ahead or 
behind the airfoil are considered, the additional velocities 

and pressures increase by l/y’l — M*, that is, only with 
the first nov r er of the pr andtl factor. 


2 . Axially Symmetric bodies without Lift 

Velocity Distribution over the Surface of the Body 

Por ellipsoids of revolution the greatest velocity 
Increment o , a/pa nr i rig at the p ositi cn or m aximum th ickness , 

3 3. Go’thert: hinige Bonerkungen zur Pr&ndtlschen 

Kegel in bezug auf ebone und r-aumliche Stromung (ohne 
Auftreib). PB 11 65. 
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are shown In figure 1 for Incompressible flow according 

to a calculation ;y/ beinig 3 . 

According to this, the velocity increments no longer 
rise linearly, as in two-dimensional flow, bat more nearly 
follow a quadratic law. For snail thickness ratios the 
curve for the velocity increment can be represented in an 
ao'-rc. .1 rate manner in the following way: 


iV r 


s = h x mf-Vi 

v>, f Vt/ fa/t. 


If the general rule is aoplied once more according to 
sect:* on IT, one obtains for the greatest velocity increment 
in con trees idle flow j 


/ 


A :/•>• 


axg, 
f o - 0 


1 - 


\/l 


M • 


, /d \ i 2 


v^/'c | x ln d-m x id/t y 


and for hie ratio of the greatest excess velocities in 
compress-role and inccrnressiblc flow for axially symmetric 
bodies i 


v v max/ V C ) 

^ ^ v max/ v o ) ±t 


- = 1 + 


lnU_.- i il). 

I n ( d /t ) 3 


For small thickness ratios, it is evident that in 
spite of increasing T'ach number the greatest velocity 
increment on ellinsoids of revolution does not rise. Only 
for greater thickness ratios does an increase of the 
velocity increment appear, which is roughly proportional 
to the square of the thickness ratio. It must be noted, 
however , that in the approximate calculation terms of the 


order of magnitude of 


iV* 


£v. 


have been 


x ■' ~ ~'J 

neglected, which are likewise of the order of magnitude 
of (d/t)". It should be co" 1 Lj h -{ l. neatly realized that the above 
ap pr te- egurtion muse be cerro ? orated by experimental 
results. Since the velocity distribution over a body of 
revolution corresponds in compress!'/] e flow to that over a 
more slender body in inconpr e a s ib lo 1. low, the velocity 
distribution ”ull become some., ‘bat fuller with increasing 
Mach lVX:Vx.'r:;V • 


a F. cinig; Vcrgleich dor obenon und dor achsen- 
sy.rnetr iscbon Stromunr urn ider staudskoroor . 'Schiffbau 

19.50 s. 15. 
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Velocity Disturbance at a Great Distance from 
Bodies of Revolution 

According to a calculation carried out in PB H 65 , 
the velocity perturbation Av x /v 0 at a large distance 
from a slender body of revolution is, in incompressible 
flow: 


& TT 
a 'X 


{ t / 


•2 - 2x2 


(l 


f 2 




x t 


For the c 
from the cor re 
pros: idle flow 
a great distan 


ompressit-le flow it is then found once more 
spending conversion of the equivalent incom- 
that the velocity disturbances at points 
ce from bodies increase in the following 


manner ? 


( Av x /v 0 ) c 

(Av x /v 0 ) ic 


r - -^)7c 3 - ? -*c s 
fci - V 2 )y c 3 + X c 2 j 5/2 


( y c . 2+ x c 2 ) 



For points a large distance sideways irora the body, 

, y c large compared with x c , the velocity 
perturbations and pressures increase by 1/(1 - M ? ) 3 / ii 
that is, with the third power of the Prandtl factor, just 
as in plune flow. For points far ahead of, or far behind, 
the body the velocity disturbances and pressures remain 
constant in spite of increasing F.ach number. 


5. Comparison of Two-Dimensional and Axially-Symmetr ic 

Flow wi thout Lift 

In figure 2, as an example, is shown the increase of 
velocity due to compressibility in the plane of symmetry 
x = 0 for two-dimensional and three-dimensional flow. 

It is seen from this example that in the immediate vicinity 
of the body the velocity increment in three-dimensional 
flow is increased only slightly by compressibility, but 
that with increase of distance from the body the velocity 
ratios for plane and thro •--dimensional flow very quickly 

approach the common asymptote 1/(1 - M s ) "/ 2 , 
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A qualitative comparison with the velocity increments 
on bodies in incompressible flow ( cf . fig. 1 ) will serve 
to give an insight into the distinctive behaviors of plane 
and three-dimensional flow 4 . If one imagines , for example, 
that the effect of compressibility in the vicinity of the 
body is somewhat equivalent to an increase in thickness , 
since as a result of the velocity increment the air expands. 
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5 ratios. For 


rail variation 


ge in velocity increment for 
for very great thickness ratios 
a s e of th L ckne s s ratio e qual 
e 1 1 i p colds of re v c luti o ns, just 


jroiri the body 


flew begins to 


deteriorate more or Jess rapidly. Tms free -stream 
velocity shall accordingly be termed the critical free- 
st roar vi locity, and the corresponding ivTach number the 


.no ompr e ssi o lo 


n . xi tr.e 

,cw Ay. /v 
ic/ o 


gr e a t e s t velocity in ere ment 
is known for a body. 


4 I thank Prof. Bock, DVL, for the basic idea of this 
corap ar is on . 
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the basic principles of the Prandtl rule presented previ- 
ously pernio calculation of the critical Mach number xor 
slender bodies. 

Two-dimensional flow: 


r ic _ rT- \Jl Z ,1 + x ^1— - 1 

■ I" 1 *- |Vy + l y + 1 M 2 


Tier e e -d iir.e n s i cna . 
inr to figure 1): 


flow (with d/t = f iAv ic /v 0 ; accord- 


ln ( 1 - M* 2 ) ! v Av ic _ ^ / Y ~ 1 + 2 x _i 1 

1 + In (d/t f ! v A v? y + 1 Y + 1 M * a 


J v o 


^cr elliptic cylinders and ellipsoids of revolution 
■£V-g critical i'ach numbers calculated from the aoove equations 
are shovel in figure J. 


' oin 1 : 


• 0 fi 


f 1 ow Cbueruvi ^ -------- ^ 

Plane flow since on the one hand for equal thickness 
ratios the maximum velocity increment is considerably low-r 
j/r =: 0 and or. the other hand upon going to ^i.*-Lgher ^ 

If a eh numbers the velocity increments rise only insignifi- 
cantly. For example, an elliptic cylinder airfoil * 

thickness ratio possesses according tnls 
critical' Tiach number of M* = 0.?8, while an elliptical 
fuselage of the sane thickness ratio rescues tne cri^xc 1 
region" only at a i’ach number of M* = 0.93* 

This result indicates that for aircraft the achieve- 
ment of the greatest possible slenderness should be ^ 
concentrated in particular upon the wing, s±nce ob<= -u.e- 
lage and engine nacelles of favorable shape will reach 
local sonic velocity only at considerably higher \eluc-ti 
than correspond to the critical speed of the wing. 

This result is naturally valid only for smooth bodies 
without protuberance s . 


.deraoly 


j t,een that the three-dimensional 
more favorable results than the 
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IV. WING OP FINITE SPAN 


- „ J! ?no considers next an idealised wine, represented 

oy e. fiat plate or aspect ratio A = b 3 /p which moves 
f , . £ sraaxl an £le of attack a and Nacli number M, then 
tuxs pxa-ce has in incompressible flow at. the same a n ~le 
oi at tack the following lift coefficient according to the 
liftmg-lme theory 5 : 


C T 


“1C 


oC L 

a * 


5.65 


6 a 


x a 


1 + 1.8/A 

111 compressible flow the pressures and hence also the 
••'O'xl.t ->uent are greater in the ratio 1/(1 - j; 2 ) than 
l0i ' nn equivalent plate in incompressible flow, whose 

ratio yl '-'"f t 


spcv'i and angle of attack are s.nal Jei 
that is: 


m c « 


' -iwK ~ 




1 - K° 1 + 1.0 

\/l - v/' x A 


\/l - K 2 


x a r 


^.65 xA, 


l.G + vl 


x A , 


- x a 


r is 


Forgohe fractional increase of lift coefficient with 
o- j.n .■■•>aeh number one finds therefore: 

1.8 +An 


Or 


Ct„ 


1.8 + v d:~-iz% 


, P ?f A e H i P itins cas3 A -» - the above equation 
Pi* e a i c T - " on o f the Pr ai id t 1 r u 3e, that 


F 

'or 

the 

G -• 

d- 

gives 

the 

1 am 

ill 

the li 

ft 

C 06 f 

X 1 C 

For th 

e 1 

.in it 

ing 

ratio 

A 

q 0 

it 


, 3 found, however, that the lift 

coot . 1 . 10 lent s remain constant despite increase of Mach 
numnor. 


o A : ! ' l ?S’ Zopf, Seewald: Aerodynamik , Bd. 2 (1935) 

S. Ip ( , lerlug Springer, Berlin 1935. 
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Between these two limiting cases lies a complete inter 
mediate region, which is represented in figure Ip* Thus 
for a wing of aspect ratio A = 1 the increase due to 
compressibility in the lift from Mach numbers in the range 
3.1 = 0 to O.i;. up to a Mach number of M = 0.9 amounts 
to about 55 percent, still only approximately 20 percent 
of the value found for infinite aspect ratio. 

For small aspect ratios, to which the linear airfoil 
theory is no longer applicable, Bollay 6 has presented 
investigations for incompressible flow in which, for 
example, for a plate of vanishingly small aspect ratio 
there results: Or, = 2 t r sin 2 a. From this equation it is 

1 ilrev.fi se found that the lift coefficient is not increased 
by compressibility, since the angle of attack a of the 
equivalent plate must be chosen smaller by the ratio 

■v/l - f®, while the pressure is subsequently increased 
by 1/(1 - M 2 ). 

The influence of aspect ratio upon increase of lift 
coefficient which was found by this method will be of 
importance in the stability of aircraft. If, for example, 
the empennage has a smaller aspect ratio than the wing, 
the dC^/da of the wing rises more rapidly than 
the dCj/da of the tail, so that the airplane becomes 

unstable with, increasing Mach number. If the moment of 
the fuselage is to be considered in the stability of the 
airplane, it must be realized that the fuselage moment 
remains practically constant, and a further postponement 
is accordingly to be anticipated. 


V. SUMMARY 


1. From the continuity equation for three-dimensional 
flow in a compressible medium the following rule, valid 
for slender bodies, is found by means of a transformation 
similar to that employed in the derivation of the Prandtl 
♦ rule : 

The streamline pattern of a compressible flow to be 
calculated can be compared with the sir earn line p s tt e r rg of 

®Bollayj A Nonlinear Wing Theory and its Application 
to Rectangular 'Wings of Small Aspect Ratio. Z.A.F.M., 

Ed. 19 (1959) PP* 21 to 55- 


Ik 
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an incompressible flow which results from contraction 
along the ^ __y _ _and 2 axes of the profile contour by the 
factor yl - M' 2 (x-axis in the direction of the free 
stream). In the resulting compressible flow the pressures 

Ap 

— . — as well as the perturbation velocities Av, /v 

p/2 x v 0 x o 

are greater in the ratio 1/(1 - M 3 ) and the streamline 
slopes greater in the ratio 1 /\A - I P than those at the 
corresponding points of the equivalent incompressible 
1' low . 


2 . It is shown for slender bodies in two- 
dimensional flow the velocity ratios Av x /v and the 

pressure ratios i— — along the surface of the body 

P /2 » v n = 

increase . with increasing free -stream velocity by the 

ratio l/yl - M 3 , while for axially symmetric flow these 
ratios remain constant In spite of increasing Mach number. 


3 . At a groat oi 
(x =0) the perturb at 

pressures increase to 
thr ee-di me n s i on a 1 flow 
a great distance ahead 

Av^ and pressure rise 

dimensional flow, but 
flow , 


stance to one side of the body 
ion velocities Av x and the 

the same degree in both two- and 
In the ratio 1/(1 - M 2 ) 3/2 . At 
of and behind the body the velocity 

in the ratio 1//T - M 3 in two- 
remain constant in three-dimensional 


4. For elliptic cylinders and ellipsoids of revolution 
the Mach numbers are calculated for which sonic velocity 


is just 
for ex a: 


reached locally on the cody (fig. 3 )* Accordingly, 
frle , an elliptic cylinder of O.lg thickness ratio 
possesses a critical Mach number of 0,7b, while an 
ellipsoid of revolution of equal thickness ratio shows a 
critical Mach number of O.95. 


It 


demonstrated the lift coefficient of airfoils 


rises a c c or d i ng 
w i th 1 n f .1 n ito 1 y 
the increase is 
case of van! shin 
a pp e ar s , th a t i s 


to the Prandtl rule with l/\fi - M 3 only 
large aspect ratio; for finite aspect ratio 
somewhat smaller, until in the limiting 
gly small aspect ratio it completely dis- 
, for A 0 an increase of Mach number 
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at constant angle of attack produces no increase in lift 
coefficient. This influence of aspect ratio .is presented 
in a graph (fig. Ij.) . 


Translation hy Milton Van Dyke 
National Advisory Committee 
for Aeronautics 


Distance froa profile-center line yjt 

Fig. 2 Perturbation velocities for X=0 through a plane and 

through rotationally symmetric disposition of source- 
depressions in incompressible and compressible flow. 

( Mach number M=0, 8 ). 

Notation of coordinates: 

Perturbation velocity in incompressible flow: 

(A V x / V D )ic 

Perturbation velocity in compressible flow: 

( M=0,8 ) : 

(A v x / y D )c 







Figs. 3,4 
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Fig. 3 Maximum super-stream velocity and critical Mach number 

M* for elliptical cylinders and ellipsoids of revolution 
in symmetric flow. 

M** Mach number of the flow velocity at which the 
body attains sonic velocity. 



4 The influence of aspect ratio upon the increase of the 
lift coefficient at the same angle of attack by increa- 
sing the Mach number M 


Fig. 




